On the Computational Complexity of Verifying
One-Counter Processes

Stefan Goller

Universitat Bremen

joint work with Richard Mayr, and Anthony Widjaja To

MEMICS 2009



Model checking

Model checking a class of structures C against a logic £

INPUT: Structure S € C + formula ¢ € £
QUESTION: S = ¢?




Model checking

Model checking a class of structures C against a logic £

INPUT: Structure S € C + formula ¢ € L

QUESTION: S = ¢?

Infinite state model checking and its complexity

Class of structures | Logic | Complexity
Automatic structures FO NONELEMENTARY
Prefix-recognizable structures | MSO NONELEMENTARY
Pushdown systems p~calculus EXPTIME-complete
Pushdown systems LTL EXPTIME-complete
Pushdown systems CTL EXPTIME-complete
Pushdown systems EF PSPACE-complete

Pushdown systems

modal logic

PSPACE-complete



Model checking

Model checking a class of structures C against a logic £

INPUT: Structure S € C + formula ¢ € L

QUESTION: S = ¢?

Infinite state model checking and its complexity

Class of structures | Logic | Complexity
Automatic structures FO NONELEMENTARY
Prefix-recognizable structures | MSO NONELEMENTARY
Pushdown systems p~calculus EXPTIME-complete
Pushdown systems LTL EXPTIME-complete
Pushdown systems CTL EXPTIME-complete
Pushdown systems EF PSPACE-complete

Pushdown systems

modal logic

PSPACE-complete



Pushdown systems

A pushdown system P is given by
» a finite set of control states p, q,...
» a finite set of stack symbols A, B, C, ...
» labeled transitions of the kind
> pA = q (pop),
> pA Z gB (internal) or
> pA L qgBC (push)



One-counter systems

A one-counter system O is given by

» a finite set of control states p, q,...

» a single stack symbol A

» labeled transitions of the kind
> pA = q (pop),
> pA LR gA (internal) or
> pA -, gAA (push)



One-counter systems

Example for a one-counter system

Transitions: gA —q pASgA  pA L pAA




One-counter systems

Example for a one-counter system

Transitions: gA —q pASgA  pA L pAA

Transition system T(O):

@————(gA~———(qAA~———(gAAA~—(qAAAA
0 0 0 0

® AT w(pAA— T (pAAAT-pAAAA)




One-counter systems

Example for a one-counter system

Transitions: pA% gA  pA T pAA

Transition system T(O):

@ @A gAA (GQAAA~—(qAAAA)
0 0 0 0

® pA— (ARt pAAAT-(pAAAA)




One-counter systems

Example for a one-counter system

Transitions: gA — q pA = pAA

Transition system T(O):

@————(gA———qAA——(gAAA—(GAAAA

® PA——~(pAA—T-(pAAA—T-(pAAAA)




One-counter systems

Example for a one-counter system

Transitions: gA — q pA 9 gA

Transition system T(O):
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The logic EF

Formulas ¢ of the logic EF are given by the following grammar
p o= true | —p | pAp | (a)p | EFy,
where a ranges over a set of labels ¥.

Let T =(S,{—a| a € L}) be a transition system.

For each state s € S and ¢ € EF define s = ¢ inductively:

s = true forallse S
sE-e = sl
sE @1 A — sE¢1 and s ¢
s = (a)p — dteS: s—,t and tE
s EEFp — dteS: s—"t and tE

where —= U, € ¥ —,
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MMA: MinMax Arithmetic

Formulas of MMA are given as follows, where a, b € N:

ax= =amodb |>b | ma |aAa | >mina|> maxa
Important for our translation later:

Formulas are given as directed acyclic graphs!

Note on expressiveness

The sets definable in MMA are precisely the sets definable in
Presburger Arithmetic.
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Lemma (Periodicity of MMA)

The following is computable in polynomial time:

Input: An MMA formula «
Output: Threshold t and period p such that for all ny, n, > t:

nm=mmodp = (me€fa] & me]a])

Proposition (membership problem for MMA)

The following problem is in PNP:

Input: n € N in binary, « € MMA
Question: n € [o]?

Proof.

Successively eliminate min and max operators by replacing them
with constants: Doable in PNP, O
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An example for translating EFp

Transitions: GoA — q» PA — g1 G1A — qo

Assume we have already computed:

a(gi,p) = {neN|(qgi,n) Ep} foreachie{0,1,2}

How to define «(qo, EFy)?

\/ =b mod3 A <2 min(=b mod 3 A a(qo,p)) V
be{0,1,2}

>min(=b+1 mod3 A a(q1, )V

>min(=b+2 mod 3 A a(Qz#P)))
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Main result on weak bisimilarity

The following problem is complete for PNP :
WEAK BISIMILARITY CHECKING AGAINST FINITE SYSTEMS

Input: State s of a one-counter process, state t of a finite
transition system.

Question: s ~ t?

Remarks:

» Upper bound: Reduction to EF model checking over
one-counter processes (formulas represented as dags).

» Lower bound: Involved reduction from DSAT:

Input: xi=3Y;: pi(x1,...,xi—1,Yi), where 1 < i <n
Question: x, =17
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Verification of one-counter processes: Outlook

Theorem (G., Lohrey 2009)

CTL model checking over one-counter processes is PSPACE-hard,
even if one fixes either the formula or the one-counter processes.

Open problems:

» Model checking fixed EF formulas over one-counter processes:
PNPllogl_hard and in PNP

» Weak bisimilarity against fixed finite systems:
PNPlogl_hard and in PNP



