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Discrete-time stochastic game — example

read
a,ngry e-mail PO embarassed
> 2 players — 0 and ¢

finally » in each vertex — a
accept
no time, S e —0 set of enabled
no slides, lo.os .
angry actions
b tudent .
. ,gnom 08 N » for each action a
prepares prepares -
the slides the slides probability

boss has L. .
10 time, @"a e Toy dIStrIbUtIO? on the
no slides . X set of vertices
@ ‘ o goals of the players
>

player OJ — reach the
target vertex

player ¢ — avoid it
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Discrete-time stochastic game — example

read
a,ngry e-mail .« embarasse.d
- > 2 players — O and ¢

finally > in each vertex — a
accept
no time, F e —00 set of enabled
no slides, lo.os .
angry actions
boss student .
. ,gnom » for each action a
prepares prepares .
the slides the slides probability
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no time, | —>°*—*> accept : H
no slides . e set of vertices

@a‘ vent _ goals of the players
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player OJ — reach the
Probability that the player [J wins for strategies target vertex
o and 7 denoted by: » player ¢ — avoid it
(Reach({student-prepares-slides}))

Pboss has-no-time
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Continuous-time stochastic game — example

now with time
the goal of the player [J — reach the target vertex in time 0.5

read
angry email | embaragsed
6 . .
» performing an action
e ime ;gg‘;‘;;e finally 4 bos takes time according
no slides, HHIEL l”s to an exponential
angry | again distribution
~_ boss student .
e'ovﬁe prepares prepares » each action has a
e the slides the slides rate - the parameter
no time, | o 2 econt Toy of the distribution
no slides ® T 0.85
> rate ~ how many

L such events occur in
e-mal read . .
o b one time unit
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Continuous-time stochastic game — example
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Value of a game

¢ infren Py T(Reach=!(T)) for a fixed strategy o
o |
0 !

.S S
Brazdil, Forejt, Kr&al, Kretinsky, Kuéera: Faculty of Informatics, Masaryk University
Continuous-Time Stochastic Games with Time-Bounded Reachability =] = = = = A



Value of a game

{infren PI™(Reach=!(T)) | 0 € X}

| o o o 0 OoooOrmm |
I

0 1
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Value of a game
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SUpyey, infrenn PO (Reach=!(T)
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Value of a game

{infren PI™(Reach=!(T)) | 0 € X} {supyes PI™(Reach=!(T)) | = € 11}

| o 0 0O 0O oooomm GO O O O O O
I ! |

0 + f 1
)

SUpyey, infrenn PO (Reach=!(T) infren sup,es, PI™(Reach<H(T))
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Value of a game

{infren PI™(Reach=!(T)) | c € £} ? {supyex PI™(Reach={(T)) | = € 11}

| O 0O O O oooOI GO O O O O O
I ! |

0 + f 1
)

SUpyey, infrenn PO (Reach=!(T) inf e sup,es P (Reach<!(T'))

The game has a value in vertex v, denoted by val(v), if

sup inf P7™(Reach<*(T)) = inf sup PZ"™(Reach=*(T))
cex men €M ey
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Value of a game

{infren PI™(Reach<!(T)) | 0 € £}  {sup,cy P (Reach<!(T)) | = € 11}

| o o 0 O O oooomm@X00 0 & & O OO
I |

0 }

|
1
SUpy e, infrenn PO (Reach=!(T)) = inf ren sup,es, P (Reach<!(T))

The game has a value in vertex v, denoted by val(v), if

sup inf P7™(Reach<*(T)) = inf sup PZ"™(Reach=*(T))
cex men €M ey

Theorem
Every CTG G has a value in every vertex.
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Optimal strategies

Every CTG G has a value!
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Optimal strategies

Every CTG G has a value!

for every e > 0 exists a strategy o,

<e€

-+

. o O O oom }

» Hence, there are e-optimal :
strategies! i

inf rery Po™ (Reach='(T)) > val(v) — €
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Optimal strategies

Every CTG G has a value!

for every e > 0 exists a strategy o,

<e€

-+

. o O O oom }

» Hence, there are e-optimal :
strategies! i

infreq PIe™(Reach=Y(T)) > val(v) — ¢

does there exist a fixed strategy o* such that:

m] O OO0 oW
» What about optimal |
strategies? f

infrer; P77 (Reach={(T)) = val(v)

.S S
Brazdil, Forejt, Kréal, Kretinsky, Kugera: Faculty of Informatics, Masaryk University
Continuous-Time Stochastic Games with Time-Bounded Reachability = =) = = = A



Optimal strategies in CTGs
Optimal strategies do not exist in general

CEY Y

o1 o1 el cee o1
R < 1 ohlr—oh k—ohir—---ohlk—---
1 By 1 Bz 1 B3 1 Bn
ol goal .
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Optimal strategies in CTGs
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CEY Y

o1 o1 el cee o1

v <1 . l L l
(-\_ 14? ‘,_Ih r—q? A 4? At
ol cee

.

val(start) =0

goal
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Optimal strategies in CTGs
Optimal strategies do not exist in general

@1 l @2 @3 Xn

1

I l e e I " e
TN <1, ee— — e e et e ot X e e
(\ = I AR A GENEE %75,
.Lgoal Y cee

val(start) = 0 but for all strategies 7 : PJur(Reach=!({goal})) > 0
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Optimal strategies in CTGs
Optimal strategies do not exist in general

R S 1 Ot—— s 0Ct—— Q0 t——__ A— * 0 Od— aA—— v oo
(\ 1 B1 1 B2 1 B3 1 Bn
’L goal e e

val(start) = 0 but for all strategies 7 : PZ.,(Reach=!({goal})) > 0

Theorem
In every finitely-branching CTG G, the player { has an optimal strategy.

Theorem
In every finitely-branching CTG G with bounded rates, the player (1 has
an optimal strategy.
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Finite description of an optimal strategy
in finite uniform CTGs

» Strategies — functions with infinite domain (i.e. infinite set of
histories)
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Finite description of an optimal strategy
in finite uniform CTGs

» Strategies — functions with infinite domain (i.e. infinite set of
histories)

> |s there a finite description of some optimal strategy?
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Finite description of an optimal strategy
in finite uniform CTGs

» Strategies — functions with infinite domain (i.e. infinite set of
histories)

> |s there a finite description of some optimal strategy?

Greedy strategies
A greedy strategy — reach the target in as few

steps as possible. KB 7)
. 0.99,
% — /

goal

LD
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Finite description of an optimal strategy
in finite uniform CTGs

» Strategies — functions with infinite domain (i.e. infinite set of
histories)
> |s there a finite description of some optimal strategy?

Greedy strategies
A greedy strategy — reach the target in as few

steps as possible. KB 7)
0.99,

Optimal strategy with finite description .ﬁ;ﬁ s

goal

» Up to the k-th step behaves like an
optimal history-dependent strategy L 3
» After the k-th step behaves greedily °
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Algorithmical results

Theorem
For a finite CTG G and € > 0, there are e-optimal strategies for both
players computable in time

[V]-|A| - bp?- %O(l) ) ((maxR) t4In %)O(|R|)'

Theorem
For a finite uniform CTG G, the finite descriptions of optimal strategies
for both players are effectively computable.
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Thank you for your attention!
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