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Markov Decision Process (MDP)

e MDP is a tuple M = (V, E,(Vq, V), Prob)
e V is a finite set of vertices
e EC V x V is a set of transitions
e (Vo, Vo) is a partition of V
e Prob: Vo x V —[0,1] is a probability assignment such that
for every s € Vio: 325 e Prob(s, t) =1
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The Logic gPCTL

Syntax (simplified)
p=al | p1Apa| PHXe | PHFp | PGy
e xp € {>0,=0,<1,=1}
e For example P>°G(a A P=°Xb) A P<'Fa

Semantics For a vertex v,
o v EPTIFy iff
e a vertex satisfying  is reached with probability =1
o v EP>0Gy iff
e o will hold forever with probability >0
o v =P IXp iff
e with probability =1, ¢ will hold in a next vertex



The Controller-Synthesis Problem

Given a MDP M,

its vertex v,
and a qPCTL formula ¢,

is there a strategy o that ensures satisfying ¢ in v =
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The Controller-Synthesis Problem

Example Il

MDP: Vertex: p

Formula ¢:
P>OF(r AP1G-p)

e The winning strategy does exist!
(Use the strategy from example)
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The Result

Theorem
The controller-synthesis problem for MDPs and qPCTL is
EXPTIME-complete.
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Simulating Random Walks

left

start

right,

e Is there a strategy o such that
start =, P~9G(—stop A P> Fstop).

e Suppose there is a finite memory strategy o. Then, each
bottom SCC of M,

e either contains stop and violates G—stop, or
e does not contain stop and stop is not reachable from this SCC.
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e In the following we have

start =, P~°G(—stop A P~°Fstop)

stop | 45faff 3/4 3/4 3/4
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e Here, stop is reached from start only with probability %
although stop will always remain reachable.
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Simulating Random Walks

start

e Is there a strategy o such that
start =, P~9G(—stop A P> Fstop)

s if #right(W) > #Ieft(W)'
s1  otherwise.
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Sketch of the Solution

Given a MDP M, a vertex v and ¢, we create a MDP M/’
and a set of simple linear time “subgoals”.

There is a winning strategy for M, v and ¢ if there is a
strategy for subgoals in M’.

Find finite memory strategies 7, 7’... for each vertex of M’
and each subgoal.

The winning strategy o is a composition of these strategies. A
counter simulating random walk is used to determine which 7w
to use.
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Solution — Example

e For P>°G(—stop A P>°Fstop) the
subgoals are G—stop and Fstop.

e For G—stop, a winning strategy 71 is
“go to 5" and for Fstop a winning
strategy mp is “go to s1".

start

e Reset counter to 0 at start. Increment it in rights and
decrement in left. When the counter is > 0, use 71, otherwise

use 7o.

start
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Notes and Future Work

Notes

e The problem is decidable even for randomized strategies,
qualitative PCTL* and qualitative PECTL*.

e The problem is undecidable for quantitative PCTL [BBFKO06]

Future work

e Can we extend the result to games of 2 and % players?



Thank you for your attention
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