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Václav Brožek
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I PDA: symbols {X}, states {p, r , s}
and rules pX → pXX , pX → rX , rX

0.5

→ rε, rX

0.5

→ sε,

sX

1

→ sε.

I partition: � has pX{X}∗, ♦ has nothing and the rest is
stochastic
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I strategy: history 7→ distribution over outgoing transitions,
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pPDA

pBPA

PDA MDP

BPA MDP

PDA games

BPA games

games = 2 players + Nature
MDP = 1 player + Nature
p* = just Nature

BPA = 1 control state
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PDA games
Reachability

Fix a regular target set T and a rational % ∈ [0, 1].

A configuration pα is (>%)-winning for �

m

(∃ strategy for �) (∀ strategy of ♦) (P(pα→∗ T ) > %)

Similarly we define:

I pα is (≥%)-winning for �

I pα is (≤%)-winning for ♦

I pα is (<%)-winning for ♦

The objectives (≤0), (>0), (<1) and (≥1) are called qualitative.
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Václav Brožek Regularity in PDA Games



Definitions
Known results

Our results

PDA games
Reachability

Fix a regular target set T and a rational % ∈ [0, 1].

A configuration pα is (>%)-winning for �

m

(∃ strategy for �) (∀ strategy of ♦) (P(pα→∗ T ) > %)

Similarly we define:

I pα is (≥%)-winning for �

I pα is (≤%)-winning for ♦

I pα is (<%)-winning for ♦

The objectives (≤0), (>0), (<1) and (≥1) are called qualitative.
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The main question:

“Are the sets of winning configurations regular?”
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Known results

pPDA

pBPA

PDA MDP

BPA MDP

PDA games

BPA games

I general case: winning sets
can be non-regular
(even without players)

I qualitative case, PDA:
regularity proved for at
most 1 player

I qualitative case, BPA:
regularity proved very
recently

eff. regular/regular/non-regular
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Known auxiliary results

I For any objective, in every pα, exactly one of the players wins.
This implies: winning for � regular ⇔ winning for ♦ regular.
(Surprisingly recent result.)

I Proving regularity for winning with T ⊆ States × {ε} proves
regularity for winning with any regular T .
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Our results

What remains to be solved?

Given a PDA game and a target set T ⊆ States × {ε}, are the
configurations where � wins with probabilities ≥0, >0, ≥1, >1
regular?

The answers:

I The cases ≥0 and >1 are trivial.

I The case >0 reads: “Is there a path?”
Thus it reduces both to non-probabilistic games and to MDP.

I The case ≥1 (aka =1) is interesting.
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“Stack letters transform states to choices between sets of states.”

win

Γ∗
M

ϕ

Γ the stack alphabet, M are maps from 2States to 22States

For suitable Np ⊆ M:

� wins exactly in
⋃

p∈States

{pα | α ∈ ϕ−1(Np)}
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We can further argue that Im(ϕ) is smaller than M
and obtain the following upper bounds on the index of ker(ϕ):

I 2n·(2n−1), n = |States|
I 2n2

in MDP without �

The bound 2n·(2n−1) is tight for BPA (n = 1).
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A value of a configuration pα is

val(pα) := sup
�

inf
♦
P(pα→∗ T ) = inf

♦
sup
�
P(pα→∗ T )

I val−1(0) is exactly where ♦ wins with (≤0).

I val−1(1) is NOT where � wins with (≥1).
However, using the technique as before, we can prove that
val−1(1) is always regular.
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pX pXX pXXX

rε

sε

rX

sX

rXX

sXX

rXXX

sXXX

· · ·

· · ·

· · ·

1/2

1/2

1

1/2

1/2

1

1/2

1/2

1

1

1

T = {sε}, val(pX ) = 1, � does not win (≥1) in pX .
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pPDA

pBPA

PDA MDP

BPA MDP

PDA games

BPA games

I Classification is finished.
Open problem from last
Memics solved .

I The upper bounds on
representation were lowered
for known cases.

I Regularity of the qualitative
value shown as an
application of the method.

eff. regular/regular/non-regular
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